L GLOBAL JOURNAL OF SCIENCE FRONTIER RESEARCH

MATHEMATICS & DECISION SCIENCES

o Volume 12 Issue 2 Version 1.0 February 2012

"ﬁ‘ Type : Double Blind Peer Reviewed International Research Journal
B gt Publisher: Global Journals Inc. (USA)

Online ISSN: 2249-4626 & Print ISSN: 0975-5896

Global Journals Inc.

On A Sturm - Liouville Like Four Point Boundary Value

Problem
By Svetlin Georgiev Georgiev

Absiract - In this article we propose new approach for investigating of Sturm - Liouville like four
point boundary value problem. It gives new results.

Keywords and phrases : Sturm - Liouvifle problemn, existence.

GJSFR — F Classification : MSC 2010: 34B24, 34B15.

ON A STURM - LIDUVILLE LIKE FOUR POINT BOUNDARY VALUE PROBLEM

Strictly as per the compliance and regulations of :

© 2012 . Svetlin Georgiev Georgiev.This is a research/review paper, distributed under the terms of the Creative Commons
Attribution-Noncommercial 3.0 Unported License http://creativecommons.org/licenses/by-nc/3.0/), permitting all non commercial
use, distribution, and reproduction in any medium, provided the original work is properly cited.



Ref.

like foour point boundary value problem, Applied Mathematics and Computations,

[1] Zhao, J., F. Geng, J. Zhao, W. Ge. Positive solutions for a new kind Sturm - Liouville
2010, pp.811-819.

epaper

Print Journal

On a Sturm - Liouville like four point
boundary value problem

Svetlin Georgiev Georgiev

Abstract - In this article we propose new approach for investigating of Sturm - Liouville like four point boundary

value problem. It gives new results.
Keywords and phrases . Sturm - Liouville problemn, existence.

L. INTRODUCTION
In this article we consider the problem

' (t) + h(t)f(t,z(t),2'(t)) =0, te]l0,1], "
1.1
2'(0) — a1z(8) =0, /(1) + azz(n) =0,

where a1, a2 € R, ag 7& 0, a2 7& 0, ¢ € (07 1)7 URS (07 1)7 § 7& UR h(t) S C(R)a f(a:) €
C(R x R x R) are fixed, x(t) is unknown..

Our aim is to investigate the problem (1.1) for existence of solutions. For this purpose
we propose new approach for investigation. This approach gives new results.

Our main result is as follows.

Theorem 1.1. Let aj, a2 € R, a1 #0, ag #0, £ € (0,1), n € (0,1), £ #n, h(t) € C(R),
f(yy) €C(R xR xR) be fizred. Then

1) the problem (1.1) has a bounded solution x(t) € C*([0,1]);

2) if for the bounded solution x(t) of 1) we have

t s
/ / h(T)f(r,z(7),2'(1))drds #0 some t € [0,1],
n JO
then it doesn’t coincide with zero on [0, 1],
3) if for the bounded solution x(t) of 1) we have
h(t)f(t,z(t),2'(t)) #0 for some t € [0,1],
then it doesn’t coincide with a constant.

We will compare our result with well known result.
In [1] the problem (1.1) is considered under conditions 0 < a; < %, 0 < ag < ITIW’
0<&<n<l,aqaon—aja+ai+as >0, h(t) : [0,1] — [0, 00) is a continuous function,
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ae. t €[0,1], f(t,2,y) < a(t) + b(t)x + c(t)y for suitable functions a, b, c € L'([0,1]) and it
is proved that (1.1) has a nontrivial solution. Evidently our result is better than the result
in [1].

II.  PROOF OF MAIN RESULT

1) Let D; be fixed positive constant and let also

M, = h(t o)l g
! max{t?[%fﬁ‘ ”[0,1]><[7D1I,r11%)](><[7D1,D1} 17 )’}

Let a; € (0,1) is enough closed to 1 and € € (0,1) are chosen so that a; +¢; > 1 and

Dy + (1 —a1) 2 + (1 —ay)|ag|Dy + (1 —a1)M; < Dy,

lva|

(2.1)
e1D1 + (1 —ar)|a1| D1 + (1 — a1) My < Ds.
We define the sets
Ny = {x(t) € C([0,1]) : [z(#)] < Dy, |2/ ()] < D1 Vte o, 1]},
N7 = {a() € CH([0,1]) : lo(®)] < (a1 + &) Dy, o/ ()] < (@1 +e)Dy W€ [0,1]},
In these sets we define a norm as follows ||z|| = max{max,c[ 1) [7(t)] max,cjoqy |2 ()]}

With this norm the sets N; and N are completely normed spaces. Also since for z € Ny
we have |z(t)| < Dy, |2/(t)| < Dy for every t € [0,1] we have that N; is a compact subset

and closed convex subset of Nf .

Under these sets we define the operators

Pi(z) = (a1 + €1)x,

Ki(z) = —az — (1—a) S8 + (1 — a)an(t — n)a(€) — (1 —ar) [ [ h(r) f(r,2(r).a! (7)) drds,
Ll({L‘) = Pl(:E) + Kl(fl})
Our first observation is

Lemma 2.1. Let x(t) be a fized point of the operator Li. Then x(t) is a solution to the
problem (1.1).

Proof. Since x(t) is a fixed point of the operator L; then
z(t) = Li(x) = Pi(z) + Ki(x)
= (a1 + e1)2(t) — arz(t) — (1 — a) 5 + (1 — a)en (t — n)x(€)
—(L—a1) [, Jo h()f(7,2(7), 2 (7))dr

= ara(t) — (1 —a)) % + (1 - ar)ar (t — n)z(€)

—(L=a1) [ Jo h(7)f(r,2(r), 2/ (7))dr,

from here

(1—an)a(t) = —(1—ay) =t

a2

) — a1 ) — X — —Qa ' ’ T T, T\T 33,7' T
(1 —an)a (t—n)(E) — (1 1)/7,/0”( (7, 2(r), 2! (r))d
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and

t s
vart=ma© ~ [ [ hof(ratn).al(n)r (22)
n J0
Now we differentiate the last equality with respect ¢ and we obtain
2(8) = ara(e / W) f (7 a(r), & (7)), (2.3)

again we differentiate the last equality with respect ¢ and we have
2’ (t) = —h(t) f(t, 2(t), 2 (1)).
We put ¢t =0 in (2.3) and we obtain
2'(0) = enx (),

after we put t =7 in (2.2) we get

therefore x(t) satisfies the problem (1.1).

The above Lemma motivate us to search fixed points of the operator L;. For this
purpose we will use the following fixed point theorem.

Theorem 2.2. (see [2], Corrolary 2.4, pp. 3231) Let X be a nonempty closed convex subset
of a Banach space Y. Suppose that T and S map X into Y such that

(i) S is continuous, S(X) resides in a compact subset of Y;

(ii) T: X — Y s expansive and onto.

Then there exists a point x* € X with Sz* + Tx* = x*.

Here we will use the following definition for expansive operator.

Definition. (see [2], pp. 3230) Let (X, d) be a metric space and M be a subset of X.
The mapping 7' : M — X is said to be expansive, if there exists a constant h > 1 such
that

d(Txz,Ty) > hd(z,y) Vx,y e M.

Lemma 2.3. The operator P, : Ny — N7 is an expansive operator and onto.

Proof. Let x(t) € Ny. Then z(t) € C!([0,1]), |z(t)| < Dy, |2/(t)| < Dy, from here Pi(z) €
CY([0,1]) and |Pi(x)| < (a1 + €1)Dx, ’dtP ‘ (a1 + €1)Dy, ie. Pi(z) € Nf and P; :
N1 — Nik

Let z,y € Ny. Then

1P1(z) = ()| = (a1 + e1)l|lz — o],

consequently P : Ny — Ny is an expansive operator with a constant h = a; +€; > 1.

Let now y € N{, y # 0. Then z = € Ny and Pi(z) =y, then P; : Ny — Ny is

onto.

a+6

Lemma 2.4. The operator K1 : N1 — Ni is a continuous operator.

Proof. Let x(t) € Ni. Then K;(x) € C([0,1]) and

Ki(2)] < efa] + (1= a) T2 4 (1= an)|aall2(€)| + (1 = ar) [} J (WD f (7, 2(7), 2/ (7)|dr
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<eDi+(1—a)25 + (1 —a1)|ar|Dy + (1 —a1)M; < Dy,

ool

in the last inequality we use the first inequality of (2.1), also
%Kl(m)‘ < e (t)] + (L = an)laa||z(€)] + (1 = a1) fy [p()IIf (r, 2 (), 2’ (7)|dr

<eDi+ (1—ay)|oa|D1+ (1 —a1)My < Dy,
in the last inequality we use the second inequality of (2.1). Therefore
Ki: Ny — Ny. NoteS
Since h and f are continuous functions from x,, —,,_ . T, T,,z € N, in the sense of the

topology of the set Ny we have Ki(zy,) —n—00 Ki1(x) in the sense of the topology of the
set N1, in other words the operator K : Ny — Nj is a continuous operator.

From Lemma 2.1, Theorem 2.2, Lemma 2.3 and Lemma 2.4 follows that the operator
Ly has a fixed point x! € N7 which is a solution to the problem (1.1). From (2.3), since f
and h are continuous functions, follows that x!(t) € C?([0, 1]).

2) If we suppose that the bounded solution z!(t) = 0. Then, from (2.2), we have

/ /Osh(T)f(T,x(T),xl’(T))des:o vt e [0,1],
n

which is a contradiction.
3) If we suppose that the bounded solution z(t) coincides with a constant, then from
the equation of the problem (1.1) we conclude that

h(t) f(t, 2 (1), 2" (t)) =0 Vit e0,1],

which is a contradiction.
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